We show that there exists a 1-parameter family of positive-definite and conserved energy functionals for axially symmetric Newman-Penrose-Maxwell scalars on the maximal space-like hypersurfaces in the exterior of Kerr black holes. It is also shown that the Poisson bracket within this 1-parameter family of energies vanishes on the maximal hypersurfaces.
Background and introduction
The Kerr metric (M,ḡ) is a 2-parameter (a, m) solution of the vacuum Einstein equations that represents massive, rotating black holes for 0 < |a| ≤ m : of vacuum Einstein equations is the subject of a long-standing research programme in theoretical and mathematical general relativity. Two of the important issues in the stability problem of Kerr black holes are (i) The lack of a positive-definite and conserved energy functional for the perturbations and the related superradiance effect (for a = 0). (ii) A gauge-invariant characterization of stability.
In the case of Maxwell (spin |s| = 1) perturbations of Schwarzschild black holes (with a = 0 in (1.1)), a positive-definite energy functional can be constructed from the energy-momentum tensor (e.g. [1] ). If one moves into the higher spin (gravitational) perturbations, even in the case of Schwarzschild black holes-which do not contain the ergo-region-the construction of a positivedefinite energy for the gravitational perturbations is not trivial. Using Hamiltonian methods and mode decomposition, a positive-definite energy functional for linear perturbations of the Schwarzschild black holes was first constructed in the pioneering work of Moncrief [2] for both even and odd parity perturbations (see also [3] [4] [5] ). In the recent complete proof of the linear stability of Schwarzschild black holes by Dafermos et al. [6] , an important role is played by a positive-definite energy functional, which was constructed without the mode decomposition restriction (see also [7] ). Recently, Prabhu-Wald [8] have announced that this energy functional can be recovered by applying the methods of 'canonical energy', previously constructed by Hollands-Wald [9] . The linear stability based on the Cauchy problem for metric coefficients was established in [10, 11] . Likewise, the Morawetz estimate for linearized gravity on Schwarzschild was established in [12] , by extending the classic works [2, 13, 14] .
In the case of Kerr black holes with non-vanishing angular momentum, the presence of the ergo-region causes significant difficulties in the construction of a positive-definite energy. Indeed, at the outset, it is the ergo-region and the lack of positivity of energy that results in phenomena such as the Penrose process, irreducible mass [15] and superradiance [16, 17] . Furthermore, from a PDE perspective, the lack of a positive-definite energy poses considerable obstacles in proving asymptotic boundedness and decay of perturbations.
A usual technique to overcome this issue is to construct a positive-definite energy functional from a linear combination of the ∂ t and ∂ φ vector fields. However, since this energy is not necessarily conserved, a separate Morawetz or space-time integral estimate is needed to control this energy in time. Along these lines, a variety of powerful techniques are used to prove uniform boundedness and decay of spin s = 0, 1, 2 fields on Kerr for 'small' or 'very small' angular momentum [18] [19] [20] [21] [22] [23] [24] . Mode stability of Kerr black holes was established in the celebrated work of Whiting [25] , which was recently extended in [26] to the real axis. Using spectral methods [27] , the decay of linear wave equation for fixed azimuthal modes was established in [17, 28, 29] for large |a| < m. The decay for a general linear wave equation for large |a| < m was established in [30] . However, relatively little is known about the global behaviour of higher spin (|s| = 1, 2) fields for large |a|.
The special case of an axially symmetric linear wave equation admits a positive-definite energy and energy density (for |a| < m) directly from the energy-momentum tensor. However, this simplification does not carry forward to Maxwell or gravitational perturbations, where counter examples for positivity of energy density can be constructed (see the discussion in §2 of [31] ). Based on the Brill mass formula for axially symmetric initial data [32] , a positive-definite energy functional for perturbations of extremal Kerr black holes was first constructed in [33] . Subsequently, using Hamiltonian methods, a positive-definite energy functional was constructed in [31] for Einstein-Maxwell perturbations of Kerr-Newman black holes for the full subextremal range (|a|, |Q| < m). The evolution of methods shall be discussed in detail therein.
Although the Einstein's equations themselves are diffeomorphism invariant, the fact that the choice of gauge for the perturbations of the metric is not unique, causes many problems in the perturbative theory. Therefore, the characterization of perturbations of Kerr in terms of (locally) gauge-invariant variables is crucial. Taking advantage of the special algebraic properties of Kerr black holes, the gauge-invariant quantities are constructed and studied in detail in several classic works. These results are summarized and streamlined in the much revered monograph of Chandrasekhar [34] . We refer the reader to this work for a detailed development of the subject. Recently, the (minimal) complete set of local gauge-invariant perturbative quantities of Kerr black holes was obtained in [35] . The adjoint operators that relate the Teukolsky variables to the symmetry operators of both Maxwell and linearized gravity of Kerr are discussed in [36] , which builds on [37] . In this context, it may be noted that the ergo-region, the lack of positivity of energy and superradiance also affect the dynamics of these gauge-invariant variables.
In this work, we shall present the positive-definite energy constructed in [31] and reconcile it with the issue (ii). In particular, we shall construct a positive-definite and conserved energy functional for the Newman-Penrose-Maxwell scalars. We would like to remark that this energy offers a significant 'short cut' in the analysis of stability, in that it bypasses the need for the technical Morawetz or space-time integral estimates to control a positive-definite energy in time. Furthermore, the fact that the fundamental energy is of ' · L 2 type' in terms of the Maxwell scalars Φ 0 , Φ 1 , Φ 2 is particularly convenient in proving the explicit decay rates of the fields. The problem of establishing decay rates of perturbations using the positive-definite energy functionals is being pursued in a separate series of works.
In this work, we shall restrict to the pure Maxwell case and the case of gravitational (Einstein) perturbations of Kerr, which is a bit more technical, shall be considered in a subsequent article. Actually, the Maxwell perturbations on Kerr black holes are directly diffeomorphism invariant and in the case of axial symmetry, also electromagnetic-gauge invariant. Nevertheless, in view of the similarity in the structure of the Newman-Penrose scalars for Maxwell and gravitational perturbations, the motivation for the current work is that it shall serve as a prelude to the gravitational case.
In the current article, we shall use the results of a forthcoming article [31] for a few peripheral aspects, but the main results hold independently and are built from the foundations.
Suppose and n are two null vectors of (M,ḡ) such that (n) = −1 and let e x and e y be two (unit) orthonormal space-like vectors, then define
For concreteness and convenience, let us choose the Kennersley frame for the tetrad ( , n, m, m * ) in the Newman-Penrose formalism: a unit timelike vector. In this work, we shall be interested in the Maxwell fields, governed by the Faraday tensor F which is the critical point of the following functional:
for compactly supported variations of the vector potential A, where F = : dA. As a consequence, we also have the Bianchi identities:
∇ is the covariant derivative of (M,ḡ). The variational principle of (1.8) results in the Maxwell field equations∇ μ F μν = 0, on (M,ḡ), μ, ν = 0, 1, . . . 3.
(1.10)
The variational principle (1.8) also results in the stress-energy tensor
which is (M,ḡ)-divergence and trace-free, as it is well known. Let us now define the Newman-Penrose-Maxwell scalars in the ( , n, m, m * ) tetrad as follows:
In general, on a globally hyperbolic, asymptotically flat manifold there are significant advantages in studying the dynamics of the Maxwell tensor F using the Maxwell scalars Φ 0 , Φ 1 , Φ 2 .
Firstly, due to their analogous structure to the Weyl scalars, historically, the Maxwell scalars are considered to be a suitable 'testing ground' to study gravitational problems. Secondly, the qualitative behaviour of the F tensor is neatly separated in Maxwell scalars: Φ 0 , Φ 2 encode the 'radiative' properties and Φ 1 encodes the 'Coulombic' properties of the Maxwell tensor F. Now consider a 3 + 1 decomposition of the Kerr metric such that (M,ḡ) = R × Σ,
whereq is the (Riemannian) metric of Σ. Upon a Legendre transformation of the Lagrangian action (1.8), we get an ADM variational principle in the Hamiltonian framework,
and
As we already remarked, the Kerr metric (M,ḡ) is axially symmetric with the vector ∂ φ as the Killing field that generates the SO(2) action on (Σ,q). We construct the quotient Σ such that Σ : = Σ/SO(2) and we denote the fixed point set of the SO(2) action with Γ . It may be noted that
in a suitably aligned coordinate system, where e 2γ : =ḡ(∂ φ , ∂ φ ) and g, γ , A ν are independent of φ.
In explicit terms, the Kerr metric (1.1) can be represented in the Weyl-Papapetrou form (1.19) as follows (cf. appendix A in [31] ):
Under the above assumptions and away from the axes Γ , the Kerr metric satisfies the wave map equations, L 1 = 0, L 2 = 0 with
upon the standard dimensional reduction procedure, where ω is the (gravitational) twist potential such that,
N is the lapse in (1.24) andμ q is the square root of the determinant of the metric q ab of Σ. In this work we shall be interested in the Maxwell tensor F such that it is derived from an axially symmetric A. In axial symmetry, we define the twist potentials η, λ as follows λ : = A φ and from the Gauss constraint:
The existence of η : (Σ, q) → R is ensured by Poincarè Lemma on (Σ, q). We would like to emphasize that even though the Kerr manifold has non-trivial second (de Rham) cohomolgy class in the 3 + 1 dimensional sense, there is no need to impose a global condition for the Poincarè Lemma used in (1.25) . This is due to the special feature of our axisymmetric problem that the quotient (Σ, q) is itself a simply connected (topologically trivial) manifold, where the first cohomology class is indeed trivial. This aspect manifests itself in several contexts in our problem. Equally importantly, we would like to remark that, even though we have defined the quantity η on Σ in the above, it lifts up smoothly and globally to (the Lorentzian) (M, g) and transforms as a space-time scalar (cf. appendix D in [31] ). Let us define u and v such that u :
For convenience, let us choose η = λ = 0 on Γ . It follows from standard arguments that global regularity holds for the initial value problem of Maxwell's equations in the domain of outer communications of Kerr black holes. As a consequence, we have ∂ n λ = ∂ n η = 0 and u = v = 0 on Γ , where ∂ n is the derivative normal to Γ . One approach to infer the spatial decay rate of η from the decay rate of E is shown below. It follows from the global regularity and the conditions on the axes Γ and the horizon H + that the components of E admit the decomposition: then (η, u) also vanish outside the support of E, which in turn implies the finite propagation speed of (η, u). A similar argument applies for (λ, v). The dynamical field equations in X can be locally represented as follows:
It is well known that the Hamiltonian energy density in the phase space X Max has indefinite sign. In §2 in [31] it is shown that, the Hamiltonian energy
using the transformations adapted from Robinson's identity [38] :
can be transformed into a positive-definite, regularized Hamiltonian energy functional
Furthermore, the aforementioned Hamiltonian H Reg has been used to construct a divergence-free vector field density: where e Reg is the energy density, i.e. H Reg = : Σ e Reg d 2 x. The divergence-free vector field density J Reg has additional information than (1.33) in that it can be used to relate the boundary fluxes through any region using the Stokes theorem. These results were later extended to the Maxwell equations on Kerr-de Sitter in [39] . In this case, the Hamiltonian contains an additional term (cf. eqn (32) in [39] ) involving the cosmological constant Λ, but it nevertheless generates the flow of the original Hamiltonian equations (1.28) . This is due to the special internal coupling in the equations. Separately, in [40] a 1-parameter family of energy functionals was constructed for axially symmetric Maxwell's equations on Kerr black holes. In the following, we shall reconcile their results with the Robinson's identity and also show that the energy functionals form a 1-parameter family of Hamiltonians for the dynamics in the phase space X, which also shows that the Poisson bracket for different values of the parameter vanishes.
It may be noted that expression (1.31) is not symmetric with respect to a permutation in the phase space X (or X). If we consider an alternative form of the original Hamiltonian energy:
a modified form of the original Robinson's identity applies:
The underlined expressions in (1.37) are the modifications from the original Robinson's identity (1.30) . These modifications are based on the divergence identity:
Consequently, the functional H Alt can also be transformed into a positive-definite form, but it may be noted that the modifications occur only in the background and divergence terms, so the final energy expression remains the same as in (1.31). However, we shall use this modification, together with the original Robinson's identity to obtain a 1-parameter family of generalized Robinson's identities, which results in an energy expression that is more symmetric upon a permutation in the phase space X. In the process, we shall recover the energy expression obtained in [40] . (ii) There exists a 1-parameter family of (space-time) divergence-free vector field densities J S (s), s ∈ [0, 1] such that its flux through t-constant hypersurfaces is positive-definite.
Proof. Consider the linear sum of the sub-Hamiltonians (1.29) and (1.36) for s ∈ [0, 1] as follows:
Introduce the quantity I(s) such that
such that I(s) − II(s) can be expressed as, after the imposition of the background field equations
As a consequence, we shall transform the original Hamiltonian into the positive-definite form for s ∈ [0, 1]:
where we have effectively constructed a generalized 1-parameter family of Robinson's identities.
We would like to remark that, interestingly, in the construction above we are not directly imposing the L 2 wave map equation, in contrast with (1.37) and (2.32) in [31] . We shall now prove that H Alt S (s) has the Hamiltonian structure. We recover for the first variation η of η. Collecting all the expressions above and using the background field equations, we recover the Hamiltonian field equations: If we consider the phase space X, we can transform the aforementioned Hamiltonian energy density as follows:
So that we have the expression
which also serves as a Hamiltonian for the dynamics of X, i.e. 
respectively. Likewise, the ∂ t η and ∂ t λ terms can be represented as
Collecting the ∂ aū ,ū and ∂ av ,v separately in the above, we get 
is (space-time) divergence free. As we already noted, the divergence-free J Reg S has additional information than (1.60) in that it can be used to relate the fluxes through various hypersurfaces, without a bulk term. 
A conserved energy for Newman-Penrose-Maxwell scalars
For convenience, let us now represent the tetrad 1-forms in Boyer-Lindquist coordinates, that are consistent with the normalization introduced above:
In this work, we shall use the following convention for the anti-symmetric sum
. without the factor of 2). Upon the inversion of basis and taking advantage of the tetrad form (2.2), the E and B fields can be represented in terms of the Maxwell scalars as follows:
where Re(z) = 2 −1 (z + z * ). For later use, let us collect the following quantities in Boyer-Lindquist coordinates:
In the following, we shall represent the Maxwell scalars Φ 0 , Φ 1 , Φ 2 in terms of the phase space variables X = {(λ, v), (η, u)} and dimensionally reduced form. 3] , (2.6a)
and 
(a) Derivative operators and spin coefficients
Let us define the (directional) derivative operators along the tetrad ( , n, m, m * ) as follows:
In consistency with our Hamiltonian framework, we had to chose the (− + ++) sign convention for our metric. As a consequence, the null tetrad has '(− − ++)' sign convention (cf. (1.6)), which in turn alters the definitions of spin coefficients from the standard literature (e.g. [34] ). We shall now define spin coefficients and evaluate them for the Kerr metrics as per our conventions, for the convenience of the reader. We shall also present the Maxwell equations for Φ 0 , Φ 1 , Φ 2 accordingly. for Kerr metrics.
(b) Maxwell's equations
The Maxwell field equations∇ μ F μν = 0 (2.10)
together with the Bianchi identities (1.9) arē
Now, eliminating the covariant derivatives acting on Maxwell scalars in favour of the directional derivatives, we get 
for s = ±1.
Proof. Part (1) follows by inspection, while noting that our tetrad is also axially symmetric and part (2) is the famous Teukolsky's master equation [41] with axial symmetry, for which, the case |s| = 1 corresponds to Maxwell's equations. The 'extreme' components Φ 0 and Φ 2 are also related by the celebrated Teukolsky-Starobinsky differential identities.
We would like to remark that the Maxwell perturbations are governed by the two independent degrees of freedom, corresponding to the Maxwell scalars Φ 0 and Φ 2 . However, the transformation of the Maxwell field equations to the field equations (Teukolsky's equation (2.13)) for these extreme components are governed by the higher order differential operators. In this work, we shall focus on the total energy of the fundamental Maxwell field equations (2.12), so it involves all the Maxwell scalars. It may be noted that the lack of positivity of energy also affects the dynamics of the Maxwell scalars Φ 0 , Φ 1 , Φ 2 . This is evident if we represent the original Maxwell energy, corresponding to the Hamiltonian flow of ∂ t , in terms of the axially symmetric NP scalars on the Kerr metric:
In the following, we shall construct a positive-definite and conserved energy functional using a non-local canonical transformation from the twist potential variables. We would like to remark that the energy expression (2.14) has a similar structure to the original Bel-Robinson energy of the Weyl scalars corresponding to the gravitational perturbations (cf. appendix I in [31] of derivatives from the twist potential variables used in the construction of the positive-definite energy functional for gravitational perturbations (which in turn is closely related to the ADM mass).
Theorem 2.2.
(i) Suppose, η : (Σ, q) → R and λ : (Σ, q) → R are the twist potentials such that E a = ab ∂ b η and B a = ab ∂ b λ then η and λ are uniquely given by Proof. In this work, we shall use the coordinate system (ρ,z) on (Σ, q) such that H + ∪ Γ = {ρ = 0} but the results extend to other coordinates (cf. appendices G and H in [31] ). Likewise, we shall restrict to η and the proof is similar for λ. It follows from the definition of η and the regularity conditions on the axes Γ that (2) 
with ∂ a E a = 0, (Σ, q), where (2) = ∂ 2 /∂r 2 + (1/r)(∂/∂r) + (1/r 2 )(∂ 2 /∂θ),ρ =r cosθ,z =r sinθ. It follows from the method of images that the fundamental solution K of the Laplacian on Σ
(2) K = δ(r), Σ (2.18a) K = 0, Γ (2.18b)
where , are the (Euclidean) distances from (ρ,z) ∈ Σ and its 'image point' (−ρ,z), respectively, and δ(r) is the Dirac delta function on Σ with flat metric. K has faster decay rate than the fundamental solution of the Laplacian on R 2 . Likewise, we can represent λ as follows: In contrast with (2.14), the energy density in the functional (2.21) is non-local in the Maxwell scalars Φ 0 , Φ 1 , Φ 2 . If desired, the ∂ω terms can be eliminated using (1.23) to obtain a completely 3+1 representation of the energy functional (2.21).
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